Let N and n be integers such that n|N and 2 < n < N . Let q be a prime power. The difference sets introduced by Gordon, Mills and Welch in [1] produce symmetric designs with the same parameters
Some instances of Theorem 2 are already known. These are surveyed at length in [6, pp. 77-88] : the rank of the F p -code determined by an incidence matrix of D(N , n, D) has been computed when q = 2 and D is classical or in a few instances when q ≤ 9, and when these ranks are different the designs cannot be isomorphic. However, it should be noted that these More generally, it appears that standard difference set methods are not strong enough to decide design isomorphism. Therefore, we need to use other techniques: our approach to Theorem 2 depends on Theorem 1, which in turn uses group theory and internal properties of these designs.
Let h = N /n. We define a clump of D(N , n, D) to be the set of points in F q n v for some 0 = v ∈ V ; of course, clumps correspond to the points of PG(h − 1, q n ). Let C denote the set of all clumps. There is also the notion of a dual clump determined by a non-zero linear functional. We will need the following observations, where each block f is identified with the set of points incident with it.
(1) The set C f of clumps in f has size (q N −n − 1)/(q n − 1); these clumps arise from the hyperplane of PG(h − 1, q n ) corresponding to Ker f .
(2) If C 1 and C 2 are distinct clumps, then the intersection of the set of blocks containing both of them contains exactly q n + 1 clumps; by (1) these clumps arise from a line of
The derived group of a group S is denoted S .
contains L(h, q n )/Z q−1 is noted in [4] . Moreover, G is a homomorphic image of SL(h, q n ) [10, p. 23 ] that is transitive on points (and blocks), and clumps are blocks for this transitive action, as well as for that of G. (Note: We need two entirely different standard uses for the term "block", which can be easily distinguished from context. See [11] for the standard background concerning primitive and imprimitive permutation groups.)
Let p denote the prime dividing q. Before continuing we digress briefly by noting the following special case of a lemma of Tits [8, (1.6) ] (the special case is easily proved using linear algebra): ( * ) If M is a subgroup of GL(h, q n ) that does not contain SL(h, q n ) but contains a Sylow p-subgroup of GL(h, q n ), then there is a set of subspaces such that M fixes each of them and contains every Sylow p-subgroup of GL(h, q n ) that fixes each of them.
(3 ) Each nontrivial block of G on points is contained in a clump. (This states that any proper subgroup M of G containing the stabilizer G x of a point x fixes the clump containing x; that is, fixes the point of PG(h − 1, q n ) containing x. To see this, note that
and hence is not divisible by p, so that M contains a Sylow p-subgroup of G. Since G = G , G x , M cannot contain G and hence must be reducible by ( * ). Then the only proper subspace of V fixed by G x must also be fixed by M.) (4) If F is any dual clump of blocks not containing a clump C, then the induced incidence structure (C, F) is isomorphic to the design determined by the difference set D (i.e., if f ∈ V • and f (v) = 0, then for α, β ∈ F * q n we have (α f )(βv) ∈D if and only if β ∈ (α f (v)) −1D ).
(4 ) If C is a clump then {C ∩ X | X is a block ⊃ C} is the set of blocks of a symmetric design, with point set C, isomorphic to the design determined by the difference set D (proved as in (4); cf. [4, Lemmas 4 and 5]).
We begin with a slight extension of [4, Theorem 7] .
and if S = S ≤ AutD is point-transitive and S/Z (S)
PROOF. S is a homomorphic image of SL(N /n, q n ) [9] , and hence we may assume that S = SL(N /n, q n ), not necessarily acting faithfully (as in the case of the designs D(N , n, D) for suitable q). In view of the argument in the proof of [4, Theorem 7] , it is only necessary to show that the action of S on points is completely determined (up to an automorphism of S). If x is a point then its stabilizer S x contains a Sylow p-subgroup of S. Since S x < S, by ( * ) it follows that S x fixes some subspace of V . Then (q N − 1)/(q − 1) = |S: S x | is divisible by the number of subspaces of the h-space V of some dimension. Consequently, that dimension must be 1 or h − 1 (e.g., using [12] ). Up to an outer automorphism of S, we may assume that S x fixes a point x of PG(h − 1, q n ) and acts irreducibly on
; by ( * ) and irreducibility we have S x ≥ (S x ) . If h = 2 then (S x ) is an elementary abelian group consisting of q transvections, and again S x ≥ (S x ) . More precisely, for any h, with respect to a suitable basis S x consists of all F q n -matrices
= det A ∈ F * q and hence is determined up to conjugacy, as required. (with respect to a suitable basis), and hence has order (q n ) h−1 (q n −1) = q N −n (q n − 1) and is transitive on the vectors in V − Ker f . Then H fixes (q N −n − 1)/(q −1) points of D(N , n, D) and is transitive on the remaining (q N −q N −n )/(q −1) points. Let Y denote a block of imprimitivity for the action of A = AutD on points such that A acts nontrivially and primitively on the corresponding block system = Y A . Then (#) Every member of C is a union of members of (by (3 ) since is a block system for G).
The group A induced by A on is a primitive permutation group having a subgroup H fixing certain points and transitive on the remaining ones. All such primitive groups are known [5] , and one of the following holds:
(I) H fixes exactly t members of , and A is (t + 1)-transitive; (II) | | = 22, 23 or 24, A is a Mathieu group and the members of fixed by H arise from a block of the associated Steiner system; (III) A has a normal affine subgroup ASL(m, r ), acting in its natural 2-transitive action, for some m and some prime power r , and the members of fixed by H arise from a subspace of the underlying affine space; or (IV) PSL(m, r ) ≤ A ≤ P L(m, r ) for some m and some prime power r , where these groups act in one of their natural 2-transitive actions, and the members of fixed by H arise from a subspace of the underlying projective space.
We first consider further properties of H before dealing with cases (I)-(IV) separately. Let P denote the normal elementary abelian Sylow p-subgroup of H of order q N −n (consisting of all transvections
with respect to a suitable basis). Then P fixes (q N −n − 1)/(q − 1) points and acts semiregularly on the remaining ones. Moreover, P acts faithfully on and P is semiregular on each of its nontrivial orbits. (Namely, if g ∈ P − {1} fixes some Y ∈ then, since p |Y | by (#), g fixes a point of Y , so that P also fixes that point and hence also fixes Y .)
Let S denote the subgroup of A generated by all of the conjugates of P. Let K denote the kernel of the action of A on . LEMMA 
4.
( (3) and [10, pp. 21-23] , S ≥ G = G since q n > 3 and G is generated by the conjugates of P lying in G. Now (i) follows from the fact that S is generated by the conjugates of G .
PROOF. (i) By
(ii) By (#), K is the identity on C. If F is any dual clump then, by (1), each of its members contains exactly the same clumps, and no block outside F contains precisely these clumps. Hence, K fixes F.
If each member of F does not contain C then, by (4), (C, F) is a symmetric design, and K (C) acts on this design, fixing all points. Thus, K (C) is the identity on each dual clump none of whose blocks contain C. Dually, K (C) is the identity on each clump not contained in any member of any such F. It follows that
Clearly H normalizes K , so that h −1 k −1 hk ∈ H ∩ K = 1 whenever h ∈ H, k ∈ K . Then H centralizes K , and hence so does each conjugate of H in A. The conjugates of H in G generate G.
2
We now return to the proof of Theorem 1. Let y = |Y | and let C be a clump. Then (q N − 1)/(q − 1) = | |y, and y divides |C| = (q n − 1)/(q − 1) by (#). Case (I). First suppose that h > 2. Since H fixes exactly (q N −n − 1)/(q n − 1) clumps, by (#) we have t ≥ (q N −n − 1)/(q n − 1)≥ q n + 1 > 5 and hence A contains the alternating group. Again by (#), the subgroup B of A sending C to itself also induces at least the alternating group on C. If C 1 and C 2 are distinct clumps then it follows that their stabilizer in B is transitive on the remaining clumps, but this contradicts (2) .
The case N /n = h = 2 is harder since (2) is then vaccuous and this case can actually occur. First we will consider the possibility that A contains the alternating group. By Lemma 4(iii), S is a central extension of that alternating group. If B denotes the subgroup of S sending C to itself, then B C is the alternating group by (#). Then B C acts on C − {C} as the alternating group A |C|−1 of degree |C| − 1 = q n > |C|. On the other hand, B C /(B ∩ K ) acts on the set of B ∩ K -orbits within C. Since A |C|−1 is simple it has no proper subgroup of index < |C| − 1, so that B C induces on C a subgroup of B ∩ K . Then |B C | ≤ |B ∩ K | ≤ |S ∩ K | ≤ 2 by [7] . However, B contains G , and G C induces on C a cyclic group of order (q n − 1)/(q − 1). This contradiction shows that A does not contain the alternating group.
Nevertheless, A is (t + 1)-transitive, where t is the number of members of fixed by H , which in turn are determined by fixed points of H . By (#) we have t = {(q N −n −1)/(q−1)}/y,
We will compare this information with a list of all 2-transitive groups (excluding alternating and symmetric groups) found, for example, in [5] . First of all, t + 1 ≤ 5 in view of (t + 1)-transitivity, and hence | | = (q n +1)t cannot be of any of the following forms: 11, 12, 22, 23, 24, 176, 276, 2 s−1 (2 s ± 1) with s ≥ 3, or a prime power. Now the aforementioned list shows that only t = 1 is possible. Since A is a 2-transitive group of degree q n + 1, other than the alternating or symmetric group, having an abelian subgroup P of order q n with an orbit of length q n , the list yields PSL(2, (2, q n ) . Thus, the only place A and might differ is in the kernel K of the action of A on C, so it suffices to show that K ≤ G. Suppose that k ∈ K − G. By Lemma 4(iii), G ∩ K , k is an abelian group acting on C, where G ∩ K is transitive on C. Thus, there is some g ∈ G ∩ K such that kg fixes a point of C, commutes with the transitive group G ∩ K , and hence fixes all points of C. This contradicts Lemma 4(ii). Thus, A = , as required.
Case (II). Here q N −n = |P | = 2 4 , the size of the complement of a block of the associated Steiner system, whereas n|N and n ≥ 3.
Case (III). We first claim that r is a power of p. For suppose not. Certainly P acts on W = F m r , and its set of fixed points is a subspace U . Recall that P acts semiregularly on each of its nontrivial point-orbits, and hence on W − U . Since p does not divide r , P acts fixed-point-freely on W/U according to [2, p. 187 ], but that is impossible for a noncyclic abelian group according to [2, p. 69] .
Thus, r is a power of p, which contradicts the fact that (q N − 1)/(q − 1) = y| | = yr m . Case (IV). Precisely as in (III) we find that r is a power of p.
We have (q N − 1)/(q − 1) = y(r m − 1)/(r − 1), where y|(q n − 1)/(q − 1). By [12] it follows that q N = r m , so that y = (r − 1)/(q − 1) and hence r = q j for some integer j. (ii) Minimality implies that n = n . D(N , n, D) . Our proof does not, however, provide a purely geometric means of recovery, which would be far preferable. Instead, we have used [5] , which depends on very difficult group theory, and hence its use is uncomfortably reminiscent of using a cannon to kill an ant. However, we hope that knowing that these theorems are true will make it more likely that much nicer proofs can be found.
In this direction, we conjecture that, under the minimality assumption of Theorem 1, clumps are the only sets C of points of D(N , n, D) such that {C ∩ X | X is a block ⊃ C} is the set of blocks of a symmetric design, with point set C, having the same parameters as PG(n − 1, q). If true, this would produce a simpler proof of both theorems. (Note that the minimality assumption is needed, as otherwise AutD (N , n, D) would not send C to itself.) Is there a coding theoretic interpretation of this conjecture? Is the conjecture more approachable in the case of the classical GMW designs, where minimality is automatic and the design is built up from two projective spaces?
(2) The case h = q = 2 of Theorem 2 appears in [3, Theorem 3.4] . However, the proof given there assumes that any design isomorphism must send the subgroup SL(2, 2 n ) in (3) of the automorphism group of one of the designs to the corresponding automorphism group in (3) of the other design. We have seen that this is not the case unless n is minimal in the sense of Theorem 1. It was exactly the need to make this assertion correct up to conjugacy that originally led to Theorem 1.
(3) Proposition 3 requires a comment in view of the interesting Mathematical Review (#97m:51005) of [4] , which states the following: "It is shown that any design with the parameters of P N −1,q can be constructed by their procedure [i.e., the one in [1] ] if and only if the design admits GL(m, q n ) for some m and n such that N = mn." The review does not mention transitivity, hence also not that [4] assumes the precise action of GL(h, q n ). It is not at all clear whether the proposition holds as stated without the transitivity assumption: it is plausible that SL(h, q n ) could act on a design having these parameters (possibly not faithfully, just as in the case of D(N , n, D) for suitable q) and yet have many orbits, even including some fixed points. Of course, the nature of some orbits would be severely restricted by ( * ), perhaps so much so that the proposition could be generalized to the statement in the review.
